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Abstract. Photon Doppler Velocimetry (PDV) is ubiquitous to characterize ejecta in shock physics experiments. This technique
accurately measures particle velocity thanks to the induced Doppler shift, assuming light is scattered once. Nonetheless, exper-
imental and numerical works have shown the presence of multiple scattering in shock ejecta. In order to account for multiple
scattering, we develop a theoretical framework where, considering the time scales at stake, we prove that the PDV spectrogram is
linked to the specific intensity of the scattered field. This specific intensity is shown to obey a Radiative Transfer Equation (RTE),
which includes multiple scattering, that we generalize to take into account both Doppler shifts and statistical inhomogeneities of the
ejecta in particle velocity, number density and size. We numerically solve this RTE for a realistic ejecta to compute spectrograms
at different wavelengths. First, this study proves the presence of the multiple scattering regime at all studied wavelengths. Second,
we show that the evolution of spectrograms on wavelength is mostly due to differences in absorption.

INTRODUCTION

Shocking a material with high explosive puts its free surface in motion while also releasing an ejecta - a cloud of fast
particles traveling in front of it. While it has been shown that ejecta is caused by surface imperfections of machined
materials [1-2], ejecta characterization has been an ongoing subject ever since [3]. In this effort, Photon Doppler
Velocimetry (PDV) has been widely used thanks to its ability to simultaneously measure the velocities of several
targets, and to its good compromise between a fine temporal resolution and a broad range of accessible velocities [4-5].
Current PDV signal analysis assumes light is scattered only once when in practice ejecta thicknesses often exceed the
typical photon scattering mean-free path. Considering multiple scattering is therefore crucial for relevant experimental
results analysis. Multiple scattering in ejecta has been extensively studied lately [6-13]. These approaches share the
assumption that the spectrogram is in fact the specific intensity collected by the PDV probe and that this specific
intensity follows a Radiative Transfer Equation (RTE) [14].

In this paper, we introduce a typical PDV setup used to characterize ejecta and explain how in the single scattering
regime it accurately estimates the particle velocity distribution. Then, we establish the link between the experimental
spectrogram and the specific intensity of the collected light. We present a RTE describing light transport in ejecta.
Finally, we consider a realistic description of an ejecta, use an in-house Monte-Carlo simulation to solve the RTE and
display the resulting simulated spectrograms at different wavelengths. This numerical study points out the appearance
of the multiple scattering regime at the back of the ejecta across all wavelengths. Comparing the spectrograms at
different wavelengths, they differ from one to two orders of magnitude. We show that this gap is mainly due to
differences in absorption.

SPECTROGRAMS IN THE SINGLE SCATTERING REGIME

A PDV setup, as seen in Fig. 1(a), is based on a Michelson interferometer [4-5]. A probe is used to shine light, at
frequency @y, towards an ejecta where this light gets scattered. Due to the velocity of the objects, the scattered light
is slightly shifted in frequency and a portion of it is collected by the probe. The light from the measuring arm then
interferes with a reference arm to create a beating signal at the photodiode. This detected signal can be written

I(1) = / 2Re [Ey(r,1)Ex (v, 1)]dr, (1
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where dr denotes the integration over the detector surface, E(r,t) is the analytic signal describing the scattered field
and Ey(r,t) is the analytic signal of the reference field. In post-processing, a Short Term Fourier Transform (STFT)
is applied to this signal defining the spectrogram S(, @) as

2
S(t, @) = ‘ / I (T)w(t—1)explioT)dt| @)

where w(t) is a time window function [15] centered at ¢ = 0 and of typical width 7,,. The normalization convention
gives [w(t)dr = T,,. In the single scattering regime, making use of the far-field and scalar approximations, for a
number of particle N(¢), the scattered fields reads

lkr N(t)
Es(r,t) = i Z J(u,ug,1)exp { —i[wy +ko(u—wp)-v;(r)] 1}, 3)

j=1

where @y is the optical frequency, ko = @y/c with ¢ the light velocity in vacuum, uy is the direction of illumination,
u =r/|r| is the direction of observation, .27;(u,u,) is the amplitude of the field scattered by particle j and v;(r) its
velocity. Using Eq. (3) and that the observation directions u = —uy, the spectrogram given in Eq. (2) becomes

/Z | 7j(—uo, o, )| {’5 [aH— ij(t)] Z}dm )

where 7 is the amplitude of the reference field and § the Dirac delta function. This simple expression allows one to
convert the frequency appearing in PDV spectrograms directly into a velocity as shown in Fig. 1(b).

2
S(t,w) ~ w |'Q{|

+ ‘6 {w— 4)Ztvj(t)}

(a)

P(dBm)

FIGURE 1. (a) Typical PDV setup. The probe illuminates the ejecta and the free surface with a highly collimated laser beam
(numerical aperture of 4.2 mrad and pupil size ¢, = 1.3 um). Light is then scattered before being collected back by the same probe.
Due to the object’s velocity, the scattered light is shifted in frequency. It then interferes at the detector with the light from the
reference arm, creating a beating signal. (b) Spectrogram of a tin micro-jetting experiment under pyrotechnic shock at P = 25 GPa.
The tin sample 2vvas engraved with 25 um x 8 um grooves. Independent Asay window measurements gave an estimated surface mass
M, =5mg/cm*.

The approach above relies on the single scattering hypothesis. In a statistically homogeneous medium of longitudi-
nal size L, this approximation holds as long as the optical thickness b(@y) = L/¢s(a) < 1, where £5(@y) is the light
scattering mean-free path. In a medium where the statistical properties as the number density or the size distribution
of the particles depend on position, the condition becomes

B dz

where /,(z, @) is the inhomogeneous scattering mean-free path at position z along ejection axis. In many experi-
ments [7, 16-17] the optical thickness far exceeds unity. In the typical ejecta described later in this paper, we found
b(my) = 42 which corresponds to the deep multiple scattering regime. The single scattering description for light
transport in ejecta is therefore unsatisfactory and a quantitative analysis requires the derivation of a theoretical model
to take into account multiple scattering.
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SPECTROGRAMS IN THE MULTIPLE SCATTERING REGIME

To account for multiple scattering in PDV measurements, the RTE appears as a natural tool. Since it is a transport
equation for the specific intensity [18-21], we first need to link the latter to the experimental spectrogram. In statistical
optics, the specific intensity I(r,u,#, ®) is defined as

8(k — kp)I(r,u,7, ) = /<E (r+ g,z n %) B (r— g,t _ %)>exp(—iku- o+ io7)dpdr, 6)
where E(r,t) is the analytical signal of the field and kg = nefr@p/c with ner the real part of the effective refractive
index. Asthe STFT used to define the spectrogram, the above relation performs a time-frequency analysis but based on
a different tool, the Wigner transform. It also makes use of of a statistical average over all configurations of disorder
denoted by (-). A key point to establish the link between the spectrogram and the specific intensity is to have the
different time scales involved in an ejecta experiment several orders of magnitude apart. More precisely, the condition
is Ty < Ty < 6T < T,, < T, where respectively Ty is the period of the source field Ey, T, the time corresponding to
the bandwidth of the digitizer, 8T the time scale of the typical Doppler shifts, T, is the width of the STFT window
and T, the characteristic time of evolution in the statistical properties of the cloud. Typically in shock experiments,
wehave Ty =1 x 107 5s, T; =1x 107195, 8T =1x 1075, T, = 1 x 10 3s and T, = 1 x 10~ %s, which satisfies the
previous condition.

Leveraging this property and invoking ergodicity to replace the statistical average present in Eq. (6) by a time
average over the window of Fourier analysis 7, a generalization of Eq. (4) to the multiple scattering regime can be
written

O(k—kg)S(t,w) =T, |42%0|2/ [Ii(r,u,7, 00 + @) + L(r,u,z, 0y — ®)]u-ndudr, 7
G

where G is the etendue of the detector (surface of detection and angular aperture), du corresponds to integration over
the solid angle, and n is the normal to the detector surface. Since the probing beam is not in the etendue of the detector,
it will not be collected by the probe and will not contribute to the spectrogram. Without loss of generality, the scattered
specific intensity /; can therefore be replaced by the full specific intensity / in Eq. (7). We see that this formulation
keeps the structure of the Eq. (3) while depending on the specific intensity which is the appropriate quantity to describe
light propagation in a scattering medium. This relation rigorously proves the link between the PDV spectrogram and
the specific intensity. To simulate a spectrogram, one now needs to establish a transport equation for the specific
Intensity.

QUASI-HOMOGENEOUS AND INELASTIC RADIATIVE TRANSFER EQUATION

In the previous section, we have shown that simulating a spectrogram is equivalent to computing the specific intensity
scattered by an ejecta. What deter us from using the usual form of the RTE is that we have to account for both spatio-
temporal statistical inhomogeneities of the medium and inelastic scattering caused by the motion the scatterers. We
have shown from first principles of wave scattering and multiple scattering theory [19-22] that the specific intensity
in an ejecta of spherical particles follows a quasi-homogeneous and inelastic RTE [23-24]. The novelty of this work
resides in the definition of a generalized phase function describing inelastic scattering and in the subtile detail that all
the quantities appearing in the RTE depends on both position r and time 7. This last feature was made possible by
doing a quasi-homogeneous approximation [25] on the statical properties of the ejecta. The resulting equation takes
the form

1 1 1 do’
_— Ve +——— | I(r,u,t,0 :7/ a0, 0) (¢ 0 )de' —. 8
L@ ar Y r+€e(r,t,w)] (rut,0) =gy Powe M(r ot )dw =2 ®)
The extinction mean-free path /, is defined as
1
—_— = t) | o.(a,®)h(r,t,a)d 9
Tera — P [ e o ada ©)

where 0, (a, ®) is the extinction cross-section of a particle with radius a at frequency o and h(r,?,a) is the probability
density at position r and time ¢ of having a particle with radius a. The scattering mean-free path ¢; and the phase
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function p are defined as

doy(a,u-v’, o)

i 218 (@' — 0 — k(' —u) - v] g(r,1,a,v)dadv, (10)

mp(r,u,u’,t,w,w’) o) [
where o;(a, @) is the scattering cross-section of a particle with radius a and g(r,7,a,v) is the probability density at
position r and time ¢ of having a particle with radius a and velocity v. With this definition, the phase function is
normalized as [ p(r,u,w’;7,0,®")du’dw’/(27) = 1. Finally, vg is the energy velocity. Since we have nonresonant
scattering, the energy velocity is given by vg = ¢/neg. This equation can be understood as an energy balance. The
two derivatives of the specific intensity on the left-hand side of Eq. (8) describe its spatio-temporal evolution. This
evolution is driven by both losses and gains. Losses are due to absorption and scattering, this corresponds to the
extinction mean-free path term on the left-hand side of Eq. (8). It is important to note that these losses happen at the
same frequency . The gains, also due to scattering, are described by the phase function on the right-hand side of
Eqg. (8). This scattering process is inelastic, allowing a conversion from a frequency @’ to @.

Simulating a spectrogram now relies on our ability to solve this RTE for a scattering medium and a geometry
corresponding to a real ejecta.

NUMERICAL SIMULATIONS

To solve transport equations such as the RTE, Monte-Carlo simulations have become the global standard [26]. We
implemented such a scheme for the generalized RTE described above. To compute a first spectrogram, we decided to
use the simple scenario given by Shi et al [13], a single shock on tin. The resulting ejecta is assumed to be a cloud of
spherical particles in a 3-D slab geometry with a perfectly specular reflective free surface at the back. The statistical
parameters therefore vary only on z, the ejecta direction. We assume a lognormal particle size distribution [27]

1 Ina—u)?
h(a) = covan SXP [—(HZGQH)} ; (11)

where = In(u2/+/u2 + 02) and 62 =In(1402/u2), . and o, being, respectively, the mean and standard deviation
of the particle size distribution. Since this is a single shock in vacuum, position and velocity are linearly linked as
z = vt with ¢ being time. The mass-velocity distribution is assumed to be of the form

M(v) = Myexp {—ﬁ (vv - 1)] 7 (12)

N

where M; is the total surface mass, § gives the slope of the distribution and vy is the velocity of the free surface [28].
For numerical values, we have u, = 0.75um, 6 = 0.5 for the size distribution. The total surface mass M; =20mg/ cm?
and the parameter 8 = 10. We impose minimum and maximum values for the radii and the velocities @myi, = 0.1 um,
Amax = 2.0pm, vipin = vy = 2250m/s and vpax = 4500m/s. Since all particles are spherical, we use Mie theory [29-
30] to compute the corresponding cross-sections o and o, and then the mean-free paths /s and /.. Mie theory also
provides the differential scattering cross-section doy/(du).

Figure 2 presents numerical simulations of spectrograms for a given time 7 in the dynamics of the ejecta. The
frequencies given on the x-axis are normalized by @, = 47v;/A the Doppler shift associated to the free surface. As
an order of magnitude, each spectrum presented in Fig. 2 took 8 h of compute time on 24 48-core Xeon Gold 5220R,
each clocked at 2.2 GHz. While semi-analytical methods have been used to speed up the computation, the narrow
aperture of the probe means that only a fraction of the random walks are ultimately recovered. This phenomenon is
the most detrimental to computation time.

First, in Fig. 2 (a), we compare the spectrum given for the full Monte-Carlo simulation (blue solid line) at Ay =
1550nm, and the spectrum for the same simulation where only single scattering is considered (black dashed line). For
high frequencies, the single scattering spectrum matches the one with all scattering sequences. Since high frequencies
corresponds to high velocities, this gives information on the ejecta’s front. This result confirms that the ejecta’s front is
mostly in the single scattering regime. When looking at the lower frequencies, which corresponds to the low velocities
and therefore the back of the ejecta, the single scattering contribution highly drops compared to the overall spectrum.
As suggested by Franzkowiak et al. [7] and Andriyash et al. [6], this proves that light collected from the ejecta’s back
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FIGURE 2. (a) Comparison between single scattering (black dashed line) and multiple scattering spectra (blue solid line) at
Ao = 1550nm. The simulations are carried out with the ejecta parameters specified above and at time r = 10ps. (b) Comparison
of spectrograms at wavelengths Ao = 1550nm (blue solid line), A; = 830nm (red solid line) and A, = 4000nm (cyan solid line).
Spectrograms at A; = 830nm (dashed red solid line) and A, = 4000nm (cyan dashed line) with adjusted absorption mean free
paths the match the ones of Ay = 1550nm.

is inevitably multiply scattered. This is confirmed by the value of the optical thickness b(@y) = 42 corresponding to
this ejecta. While the resulting frequencies of multiple scattering sequences could have been completely random, they
remain in the same frequency window than the single scattering ones. Taking a closer look at the scattering sequences,
not displayed here, we find that the multiple scattering sequences are mostly made of one backscattering event and
multiple forward scattering events. Since forward scattering yields low Doppler shifts, multiple scattering sequences
have a cumulated shift corresponding to the velocity of the particle they backscattered on, with a broadening due to
the forward scattering events.

Second, in a context where new wavelengths are becoming available for PDV measurements, we study the spec-
trogram dependence on wavelength and try to better understand it. We now consider two additional wavelengths
A1 = 830nm, and A; = 4000nm. For these additional wavelengths, at the corresponding frequencies @, and ,, the
optical thickness of the ejecta is, respectively, b(@;) = 41 and b(@,) = 41. At all wavelengths, the ejecta appears
deep in multiple scattering regime. Since the optical thicknesses are similar, we expect the same predominance of the
scattering regimes. In Fig. 2 (b), we now compare the spectrograms at the two additional wavelength, A; (red solid
line) and A, (cyan solid line) to the one at Ay (blue solid line). We observe that while similar, the spectrogram has
respectively a lower level at A; and a higher level at A, compared to Ay. To investigate this, it is interesting to consider
the anisotropy factor g(®) defined as

go) = | h@)0ia.0) . )da (13)

o;(@)

where G,() is the scattering cross-section averaged on the size distribution () and g(a, ®) the anisotropy factor of
a single particle of size a. When g(w) =~ 1, we mostly have forward scattering, i.e., less light is collected by the probe,
and when g(®) ~ —1 we mostly have backscattering, i.e., more light is collected by the probe. For the considered
frequencies, we obtain g(wp) = 0.49, g(o;) = 0.55 and g(w,) = 0.24. The respectively higher anisotropy for A; and
lower for A, compared to Ay explains the difference in observed spectrogram levels. Nonetheless this gap widens at
lower frequencies, the region of the spectrum mostly in the multiple scattering regime.

The only remaining discrepancy would be absorption. The absorption mean-free path is defined as 1/¢, = 1/¢, —
1/4. At the back of the ejecta, the absorption mean-free path £, is, respectively £,(ap) = 4.78 x 10~ m, £,(@;) =
4.06 x 10~*m and £,(@,) = 1.30 x 1073 m. To confirm that this difference explains the gap in the spectrograms, we
run the simulation again at A = 830nm and A = 4000nm but artificially tuning the values of ¢, to be the same as
for A = 1550nm thought out the ejecta. The results are displayed in dotted lines in Fig. 2 (b). This change to the
absorption mean-free path allows to recover much more consistent slopes at low frequencies. This result confirms that
the dependence of spectrograms on wavelengths is mainly due to differences in absorption.
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CONCLUSION

In summary, we have created a model for PDV measurements in shock experiments highlighting the effect of multiple
light scattering. Through the rigorous derivation of the link between the PDV spectrograms and the specific intensity,
this work fills a void in the chain aiming to provide tools for the quantitative analysis of PDV measurements. The
proposed quasi-homogeneous and inelastic RTE allows a better characterization of complex ejecta. We have described
an application example on a realistic ejecta, where we point out the presence of the multiple scattering regime. We
have shown how that this multiple scattering portion of the spectrum changes drastically depending on the wavelength.
Finally, we have proven that this spectral dependence is the signature of differences in absorption.

On the applied side, this work pushes towards a complete simulation chain for shock compression experiments.
Considering the available numerical tools for ejecta dynamics [31-34] and the available experimental spectrograms,
such studies would be of great interest either for the development of new PDV setups or for the refinement of ejecta
models. On a more fundamental level, considering the large optical thicknesses (b > 10) of some ejecta, a diffusion
approximation of the RTE could be derived to simplify the analyses in practice. These are potential lines of research
to be pursued in further studies.
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